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Abstract
Universal Lax pairs of the root type with spectral parameter and independent cou-
pling constants for twisted non-simply laced Calogero-Moser models are constructed.
Together with the Lax pairs for the simply laced models and untwisted non-simply
laced models presented in two previous papers, this completes the derivation of univer-
sal Lax pairs for all of the Calogero-Moser models based on root systems. As for the
twisted models based on Bn, Cn and BCn root systems, a new type of potential term
with independent coupling constants can be added without destroying integrability.
They are called extended twisted models. All of the Lax pairs for the twisted models
presented here are new, except for the one for the F4 model based on the short roots.
The Lax pairs for the twisted G2 model have some novel features. Derivation of vari-
ous functions, twisted and untwisted, appearing in the Lax pairs for elliptic potentials
with the spectral parameter is provided. The origin of the spectral parameter is also
naturally explained. The Lax pairs with spectral parameter, twisted and untwisted,
for the hyperbolic, the trigonometric and the rational potential models are obtained as
degenerate limits of those for the elliptic potential models.
1 Introduction
This is the third paper in a series devoted to the construction of universal Lax pairs for
Calogero-Moser models based on root systems. In the first paper paper [1] (this paper will
be referred to as I), a new and universal formulation of Lax pairs of Calogero-Moser models
based on simply laced root systems was presented. In the second paper [2] (this paper will
be referred to as II), the universal Lax pairs for untwisted non-simply laced models with
independent coupling constants for the long and short roots were constructed. The twisted
non-simply laced models were derived from the simply laced models by folding with respect
to a discrete symmetry of the models. This paper has two objectives: firstly to complete the
construction of universal Lax pairs of all Calogero-Moser models based on root systems by
constructing those for the twisted non-simply laced models with independent coupling con-
stants and secondly to elucidate various functions appearing in the Lax pairs with spectral
parameter [1, 2]–[6] for the elliptic potential. The Calogero-Moser models [7] are a collection
of completely integrable one-dimensional dynamical systems characterised by root systems
and a choice of four long-range interaction potentials: (i) 1/L2, (ii) 1/ sin2 L, (ii) 1/ sinh2 L
and (iv) ℘(L), (Weierstrass function) in which L is the inter-particle “distance”. The hyper-
bolic, the trigonometric and the rational potential models are obtained as degenerate limits
of the elliptic potential model.
For the general background and the motivations of this series of papers and the physi-
cal applications of the Calogero-Moser models with various potentials to lower dimensional
physics, ranging from solid state to particle physics and the Seiberg-Witten theory [8], we
refer to our previous papers I and II and references therein.
We address two problems in this paper: the construction of universal Lax pairs with
independent coupling constants for twisted non-simply laced models and a detailed exposition
of the functions appearing in the Lax pairs for the twisted and untwisted models. Throughout
this paper we focus on the elliptic potential case with a spectral parameter. The Weierstrass
function ℘(u) is characterised by a pair of primitive periods, which is denoted by {2ω1, 2ω3}
(following the convention of [9]). As shown in paper II, the twisted models have potentials
℘(u) with the above periods for the long roots and potentials ℘(1/n)(u) (n = 3 for the G2
model and n = 2 for the other non-simply laced models) for the short roots, which have
1/n-th period in one direction {2ω1/n, 2ω3}.
Our main result for the universal Lax pairs for twisted non-simply laced models is very
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simple. The Lax pairs for the twisted models can be obtained from those for the untwisted
models (given in paper II) by replacing the untwisted functions {x, y, z, xd, yd, zd, xt, yt, zt}
by the twisted functions {x(1/n), y(1/n), z(1/n), x(1/n)d , y(1/n)d , z(1/n)d , x(1/n)t , y(1/n)t , z(1/n)t } whose
explicit forms will be given in section five. All of the Lax pairs for the twisted models
presented here are new, except for the one for the F4 model based on the short roots. The
verification that the Lax equation is equivalent to the canonical equation of motion and the
consistency of the Lax pairs is essentially the same as for the untwisted models (paper II)
and the simply laced models (paper I). As for the twisted models based on Bn, Cn and
BCn root systems, a new type of potential terms with independent coupling constants can
be added without destroying integrability. They are called extended twisted models and
they have three, three and five independent coupling constants for Bn, Cn and BCn models,
respectively. Some new features appear in the Lax pairs for the twisted G2 model.
Our second objective is to give a detailed exposition of the functions, twisted and un-
twisted, appearing in the Lax pairs. The untwisted functions were used in previous papers
I and II without derivation. Here we derive the explicit forms of these functions starting
from various sum rules which are necessary and sufficient for consistency of the Lax pairs
for the elliptic potential. The origin of the spectral parameter is also explained. The Lax
pairs with spectral parameter, twisted and untwisted, for the hyperbolic, the trigonometric
and the rational potential models are obtained as degenerate limits of those for the elliptic
potential models.
This paper is organised as follows. In section two we recapitulate the essential ingredients
of the Calogero-Moser models with the elliptic potential. Section three is for the detailed
exposition of the untwisted functions. Section four gives the root type Lax pairs for all of
the twisted models. Detailed accounts of the twisted sum rules and functions are provided
in section five. The final section is devoted to a summary and comments.
2 Calogero-Moser models with elliptic potential
In order to set the stage and introduce notation let us start with the definition of the
Calogero-Moser models based on a simply laced root system ∆, which is associated with
a semi-simple and simply-laced Lie algebra g of rank r. The roots α, β, γ, . . . are real r-
dimensional vectors and are normalised, without loss of generality, to 2:
∆ = {α, β, γ, . . .}, α ∈ Rr, α2 = α · α = 2, ∀α ∈ ∆. (2.1)
3
The dynamical variables are canonical coordinates {qj} and their canonical conjugate
momenta {pj} with the Poisson brackets:
q1, . . . , qr, p1, . . . , pr, {qj, pk} = δj,k, {qj, qk} = {pj, pk} = 0. (2.2)
In most cases we denote them by r dimensional vectors q and p 1,
q = (q1, . . . , qr) ∈ Rr, p = (p1, . . . , pr) ∈ Rr,
so that the scalar products of q and p with the roots α · q, p · β, etc. can be defined. The
Hamiltonian with the elliptic potential is given by
H = 1
2
p2 +
g2
2
∑
α∈∆
℘(α · q), (2.3)
in which g is a (real) coupling constant. The Weierstrass function ℘ is a doubly periodic
meromorphic function with a pair of primitive periods {2ω1, 2ω3}, ℑ(ω3/ω1) > 0. We adopt
the convention [9] that the dependence on the primitive periods is suppressed for simplicity:
℘(u) ≡ ℘(u|2ω1, 2ω3) = 1
u2
+
∑
m,n
′
[
1
(u− Ωm,n)2 −
1
Ω2m,n
]
, (2.4)
in which Ωm,n is a period
Ωm,n = 2mω1 + 2nω3
and
∑
′ denotes the summation over all integers, positive, negative and zero, excluding
m = n = 0. Obviously the choice of the primitive periods is not unique. Any modular
(SL(2,Z)) transformation of the pair of primitive periods is again a pair of primitive periods:(
ω′1
ω′3
)
=
(
a11 a12
a21 a22
)(
ω1
ω3
)
, aij ∈ Z, i, j = 1, 2, a11a22 − a12a21 = 1.
Another characterisation of Weierstrass function is through the invariants:
℘(u) = ℘(u|2ω1, 2ω3) = ℘(u|{g2, g3}),
in which
g2 = 60
∑
m,n
′Ω−4m,n, g3 = 140
∑
m,n
′Ω−6m, n. (2.5)
1 For Ar models, it is customary to introduce one more degree of freedom, q
r+1 and pr+1 and embed all
of the roots in Rr+1.
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As is well known, the Weierstrass function ℘(z) satisfies the differential equation
[℘(u)′]
2
= 4[℘(u)]3 − g2℘(u)− g3
= 4(℘(u)− e1)(℘(u)− e2)(℘(u)− e3), (2.6)
in which
e1 = ℘(ω1), e2 = ℘(ω2), e3 = ℘(ω3), ω2 ≡ −(ω1 + ω3). (2.7)
It should be noted that the above Hamiltonian is real (hermitian) for real dynamical
variables p, q and coupling constant g, provided
ω1 : real and ω3 : pure imaginary. (2.8)
One can always choose a pair of primitive periods in this way when the two invariants g2, g3
are real and the discriminant
Dis = g23 − 27g32 (2.9)
is positive.
3 Functions in the Lax pairs for untwisted models
Let us now discuss the functions appearing in the root type Lax pairs for the simply laced
models and untwisted non-simply laced models. These are the cases treated in Paper I [1] and
II [2]. The elliptic potential case with spectral parameter will be discussed in greater detail
and the functions appearing in the other cases, the rational, trigonometric and hyperbolic
cases will be obtained simply as the degeneration of those in the elliptic case. The origin
of the spectral parameter for the elliptic case is naturally explained in our approach. It also
leads, as a direct consequence of the degeneration, to a not so widely recognised fact that the
spectral parameter can be introduced for the rational, trigonometric and hyperbolic cases,
as well.
As shown in papers I and II, the Lax pair for the untwisted Calogero-Moser models
contains functions {x(u), y(u), z(u)}, {xd(u), yd(u), zd(u)} and {xt(u), yt(u), zt(u)} (only in
the untwisted G2 model Lax pair based on long roots). They are required to satisfy the first
sum rule:
x′(u)x(v)− x′(v)x(u) = x(u+ v)[℘(v)− ℘(u)], u, v ∈ C. (3.1)
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The same equations should hold for xd and xt, too. They all have a simple pole at u = 0
with unit residue:
lim
u→0
u x(u) = lim
u→0
u xd(u) = lim
u→0
u xt(u) = 1. (3.2)
The functions x and xd are required to satisfy the second sum rule (see (I.2.29)):
x(u− v) [℘(v)− ℘(u)] + 2 [xd(u) y(−u− v)− y(u+ v) xd(−v)]
+ x(u+ v) yd(−v)− yd(u) x(−u− v) = 0, (3.3)
and x, xd and xt are required to satisfy the third sum rule (see (II.4.72)):
x(3u− 3v)[℘(2u− v)− ℘(u− 2v)]− x(3v) yt(u− 2v) + yt(2u− v) x(−3u)
−2xd(3u) yt(−u− v) + 2yt(u+ v) xd(−3v)− 3xt(2u− v) y(−3u) + 3y(3v) xt(u− 2v)
−3xt(u+ v) yd(−3v) + 3yd(3u) xt(−u− v) = 0, (3.4)
in which
y(u) ≡ x′(u), yd(u) ≡ x′d(u), yt(u) ≡ x′t(u). (3.5)
The z functions are defined as the products of x functions:
z(u) ≡ x(u)x(−u), zd(u) ≡ xd(u)xd(−u), zt(u) ≡ xt(u)xt(−u). (3.6)
It should be remarked that the set of solutions {x(u), xd(u), xt(u)} to these sum rules has
symmetry transformations or a kind of ‘gauge freedom’. If {x(u), xd(u), xt(u)} satisfies the
first, the second and the third sum rules, then
{x˜(u) = x(u)ebu, x˜d(u) = xd(u)e2bu, x˜t(u) = xt(u)e3bu} (3.7)
also satisfies the same sum rules. Here b is an arbitrary u-independent constant, which can
depend on the spectral parameter ξ. The functions z(u), zd(u), zt(u) are invariant under
these transformations.
It is interesting to note that the first (3.1), second (3.3) and third (3.4) sum rules corre-
spond to the three different types of rank 2 root systems, A2, B2(C2) and G2, respectively.
The rank 2 root systems are spanned by the roots β−κ and κ−γ in which κ are non-trivial
intermediate roots in the off-diagonal parts of the commutator:
[L,M ]β, γ =
∑
κ∈∆
(Lβ, κMκ, γ −Mβ, κLκ, γ) : β, γ, κ ∈ ∆. (3.8)
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In fact, these three sum rules are obtained as the necessary and sufficient conditions for the
consistency of the root type Lax pairs in the two-dimensional subspace spanned by β − κ
and κ− γ.
Since the first sum rule (3.1) is the most fundamental, let us discuss its general solution.
By taking the limit v → −u in (3.1) and using the residue condition (3.2) we obtain
d
du
{x(u)x(−u)} = −d ℘(u)
du
. (3.9)
From this we know that
x(u)x(−u) = −℘(u) + const. (3.10)
We can always choose this constant to be
℘(ξ), ξ ∈ C (3.11)
and obtain a factorised form [9]:
x(u)x(−u) = −℘(u) + ℘(ξ) = −σ(ξ − u)
σ(ξ)σ(u)
σ(ξ + u)
σ(ξ)σ(u)
. (3.12)
Here the Weierstrass sigma function σ(u) is defined from ℘(u) via the Weierstrass zeta
function ζ(u) as:
℘(u) = −ζ ′(u), ζ(u) = d log σ(u)/du = σ′(u)/σ(u),
ζ(u) ≡ ζ(u|2ω1, 2ω3) = 1
u
+
∑
m,n
′
[
1
u− Ωm,n +
1
Ωm,n
+
u
Ω2m,n
]
,
σ(u) ≡ σ(u|2ω1, 2ω3) = u
∏
m,n
′
(
1− u
Ωm, n
)
exp
[
u
Ωm,n
+
u2
2Ω2m,n
]
, (3.13)
in which
∏
′ denotes the product over all integers, positive, negative and zero, excluding
m = n = 0. This is the simplest explanation of why the spectral parameter ξ appears in the
theory. It is elementary to see that
x(u) = x0(u, ξ), x0(u, ξ) =
σ(ξ − u)
σ(ξ)σ(u)
(3.14)
satisfies the first sum rule (3.1) for an arbitrary constant ξ. By the following monodromy
property of x0(u, ξ):
x0(u+ 2ωj, ξ) = e
−2ηjξ x0(u, ξ), x0(u, ξ + 2ωj) = e
−2ηju x0(u, ξ), ηj = ζ(ωj), j = 1, 2, 3
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we find that
[x′0(u, ξ)x0(v, ξ)− x′0(v, ξ)x0(u, ξ)] /x0(u+ v, ξ)
is a doubly periodic meromorphic function of u, v and ξ. Meromorphic functions are com-
pletely determined by their zeros, poles and their residues. It is trivial to check the zeros,
poles and residues coincide with those of ℘(v) − ℘(u). The other sum rules can be verified
in a similar way.
Next we analyse possible poles and zeros of x(u). From (3.1) it is clear that x(u) cannot
have a pole at u 6= 0 (modulo periods), because the r.h.s. has no singularity there. From
the factorisation (3.12), it also follows that x(u) cannot have a zero at u 6= {0,±ξ}. This
is because an additional zero in x(u) must be canceled by a pole in x(−u) which is not
allowed as above. By the same argument, we find that x(u) can have no other isolated
singularities (essential singularities or branch points) at finite u. Thus we deduce that x(u)
can be expressed as
x(u) = x0(u)e
g(u), x0(u) =
σ(ξ − u)
σ(ξ)σ(u)
, g(−u) = −g(u) : entire function. (3.15)
By substituting the above form in (3.1), we obtain
x0(u)x0(v) (g
′(u)− g′(v))
= x0(u+ v)
(
eg(u+v)−g(u)−g(v) − 1) (℘(v)− ℘(u)) . (3.16)
By comparing both sides at u =∞, we find the asymptotic behaviour can only be matched
for
g(u) =
{
0
b u b : const.
(3.17)
It should be mentioned that x0(u) is of exponential growth, i.e., x0(u) ∼ ecu for some constant
c. The constant b can depend on ξ. Thus we arrive at the conclusion that the general solution
of the first sum rule (3.1) is given by
x(u) =
σ(ξ − u)
σ(ξ)σ(u)
ebu, ξ, b : const. (3.18)
A similar but less direct analysis of solutions of a functional equation which is a certain
generalisation of the first sum rule has been given in [10].
Since the functions xd and xt must be of the above general form (3.18), it is easy to see
that the general solutions of the first, second and third sum rules are given by (see (II.2.20),
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(II.2.21), (II.4.74)):
x(u) =
σ(ξ − u)
σ(ξ)σ(u)
ebu, xd(u) =
σ(2ξ − u)
σ(2ξ)σ(u)
e2bu, xt(u) =
σ(3ξ − u)
σ(3ξ)σ(u)
e3bu. (3.19)
This solution also gives the same z, zd, zt (3.6) up to constants:
z(u)− zd(u) = ℘(ξ)− ℘(2ξ), z(u)− zt(u) = ℘(ξ)− ℘(3ξ). (3.20)
It is easy to derive the following relation
x(2u)xd(−u) + x(−2u)xd(u) = −℘(u) + ℘(ξ) (3.21)
from the second sum rule (3.3). One only has to follow the same path as the factorisation
identity obtained from the first sum rule. That is, to take the limit v → u in (3.3)
d
du
(x(2u)xd(−u) + x(−2u)xd(u)) = − d
du
℘(u)
and integrate it. The above equation and (3.21) are responsible for the “renormalisation” of
the short root coupling constant in the untwisted BCn model (II.4.85). In a similar way one
obtains the following relation from the third sum rule (3.4):
x(3u)xt(−u) + x(−3u)xt(u) + xd(3u)xt(−2u) + xd(−3u)xt(2u) = −℘(u) + ℘(ξ). (3.22)
At the end of this subsection, let us remark that one can rewrite the first sum rule in an
equivalent form
x′(u)x(v)− x′(v)x(u) = x(u+ v)[x(u)x(−u)− x(v)x(−v)], (3.23)
which can be read as an addition theorem:
x(u+ v) = (x′(u)x(v)− x′(v)x(u))/[x(u)x(−u)− x(v)x(−v)]. (3.24)
3.1 Degenerate cases
It is well known that the degenerates cases of Weierstrass functions occur when one or both
of the periods become infinite. The degenerate cases occur if two or all three of e1, e2, e3
(2.7) coincide [9]. There are three cases, corresponding to the hyperbolic, trigonometric
and rational potential case, respectively. The degenerate limit of the functions {x, xd, xt} in
(3.19) gives the corresponding Lax pair with spectral parameter, which is a new result.
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3.1.1 Real period infinite: Hyperbolic potential
In this case [9]
e1 = e2 = a ∈ R+, e3 = −2a, g2 = 12a2, g3 = −8a3, ω1 =∞, ω3 = pii√
12a
(3.25)
and
℘(u|{12a2,−8a3}) = a+ κ2 1
sinh2 κu
, κ =
√
3a,
ζ(u|{12a2,−8a3}) = −au+ κ coth κu,
σ(u|{12a2,−8a3}) = sinh[κu] exp[−au2/2]/κ. (3.26)
The Calogero-Moser model has a hyperbolic potential. The functions appearing in the Lax
pair for the elliptic potential with spectral parameter ξ
x(u, ξ) ≡ σ(ξ − u)
σ(ξ)σ(u)
, xd(u, ξ) ≡ σ(2ξ − u)
σ(2ξ)σ(u)
= x(u, 2ξ),
xt(u, ξ) ≡ σ(3ξ − u)
σ(3ξ)σ(u)
= x(u, 3ξ), (3.27)
reduce to
x(u, ξ) = κ (coth κu− coth κξ) eaξu, xd(u, ξ) = κ (coth κu− coth 2κξ) e2aξu,
xt(u, ξ) = κ (coth κu− coth 3κξ) e3aξu. (3.28)
By utilising the “gauge freedom” (3.7), the exponential part of the above functions can be
removed to obtain simple spectral parameter dependent functions:
x(u, ξ) = κ(cothκu− coth κξ), xd(u, ξ) = κ(coth κu− coth 2κξ),
xt(u, ξ) = κ(cothκu− coth 3κξ). (3.29)
If we take the limit κξ → ±∞, we obtain the spectral parameter independent functions
x(u) = xd(u) = xt(u) = a (coth au∓ 1), a : const, (3.30)
which are essentially the same as the spectral parameter independent functions given in
previous papers (I.2.7), (II.2.13), (II.4.73).
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3.1.2 Imaginary period infinite: Trigonometric potential
In this case
e1 = 2a ∈ R+, e2 = e3 = −a, g2 = 12a2, g3 = 8a3, ω1 = pi√
12a
, ω3 = i∞ (3.31)
and
℘(u|{12a2, 8a3}) = −a + κ2 1
sin2 κu
, κ =
√
3a,
ζ(u|{12a2, 8a3}) = au+ κ cot κu,
σ(u|{12a2, 8a3}) = sin[κu] exp[au2/2]/κ. (3.32)
The corresponding Calogero-Moser model has a trigonometric potential. The functions ap-
pearing in the Lax pair for the elliptic potential with spectral parameter ξ (3.27) reduce
to
x(u, ξ) = κ (cot κu− cot κξ) e−aξu, xd(u, ξ) = κ (cotκu− cot 2κξ) e−2aξu,
xt(u, ξ) = κ (cot κu− cot 3κξ) e−3aξu. (3.33)
As above the the exponential part of the above functions can be removed by using the “gauge
freedom” of (3.7):
x(u, ξ) = κ(cot κu− cot κξ), xd(u, ξ) = κ(cotκu− cot 2κξ),
xt(u, ξ) = κ(cot κu− cot 3κξ). (3.34)
If we take the limit κξ → ±i∞, we obtain the spectral parameter independent functions
x(u) = xd(u) = xt(u) = a (cot au± i), a : const, (3.35)
which are essentially the same as the spectral parameter independent functions given in
previous papers (I.2.6), (II.2.12), (II.4.73).
3.1.3 Both periods infinite: Rational potential
This case is very simple:
e1 = e2 = e3 = 0, g2 = g3 = 0, ω1 = −iω3 =∞ (3.36)
and
℘(u|{0, 0}) = u−2, ζ(u|{0, 0}) = u−1, σ(u|{0, 0}) = u. (3.37)
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In this case the Calogero-Moser model has the rational potential and the functions appearing
in the Lax pair for the elliptic potential with spectral parameter ξ (3.27) reduce to
x(u, ξ) =
1
u
− 1
ξ
, xd(u, ξ) =
1
u
− 1
2ξ
, xt(u, ξ) =
1
u
− 1
3ξ
. (3.38)
Thus the Lax pair for the rational potential can also have a spectral parameter, although
the dependence on it is very simple. By taking the limit as the spectral parameter goes to
infinity, we recover the well known spectral parameter independent functions
x(u) = xd(u) = xt(u) =
1
u
, (3.39)
which have been used in our previous papers (I.2.5), (II.2.11), (II.4.73).
In the above three degenerate cases, the discriminant (2.9) is zero.
4 Universal Lax pairs for Calogero-Moser models based
on twisted non-simply laced algebras
In this section we present universal Lax pairs for twisted Calogero-Moser models with in-
dependent coupling constants. In section 3 of paper II, the twisted Calogero-Moser models
are derived from the simply laced models with the elliptic potential by folding with respect
to a discrete symmetry originating from the automorphism of the extended Dynkin dia-
grams combined with the periodicity of the potential. The integrability of these reduced
models is inherited from the original simply laced models. In these reduced models, how-
ever, the coupling constants for the long and short root potentials have a fixed ratio, since
the simply laced models have only one coupling. In order to exhibit the full symmetry
of the twisted non-simply laced models, we construct root type Lax pairs with indepen-
dent coupling constants. As in the untwisted non-simply laced models, there are two kinds
of root type Lax pairs for the twisted non-simply laced models, the one based on long
roots and the other short roots. Both are relatively straightforward generalisations of the
root type Lax pairs for untwisted non-simply laced systems. Our main result for the uni-
versal Lax pairs for twisted non-simply laced models is very simple. The Lax pairs for
the twisted models can be obtained from those for the untwisted models (given in paper
II) by replacing the untwisted functions {x, y, z, xd, yd, zd, xt, yt, zt} by the twisted func-
tions {x(1/n), y(1/n), z(1/n), x(1/n)d , y(1/n)d , z(1/n)d , x(1/n)t , y(1/n)t , z(1/n)t } whose explicit forms will
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be given in section five. Among the twisted models, Cn, Bn and BCn models are differ-
ent from the rest, the F4 and G2 models. In the former models, the long roots of Cn
(±2ej , j = 1, . . . , n), the short roots of Bn (±ej , j = 1, . . . , n) and the long and short roots
of BCn (±2ej ,±ej, j = 1, . . . , n) share one special property, that is, they are orthogonal to
each other:
α · β = 0, α 6= {±β, ±1
2
β, ±2β}. (4.1)
This fact enables us to introduce another independent coupling constant in twisted Cn and
Bn models and two more independent couplings in the BCn model. Let us call these models
with extra independent coupling constant(s) the extended twisted models.
Except for the Lax pair for the twisted F4 model based on short roots [6] treated in 4.3.1,
all the Lax pairs reported in this section are new. The verification that the Lax equation
is equivalent to the canonical equation of motion and the consistency of the Lax pairs is
essentially the same as in the untwisted models (paper II) and the simply laced models
(paper I).
4.1 Extended twisted Cn model
The set of Cn roots consists of two parts, long roots and short roots:
∆Cn = ∆l ∪∆s, (4.2)
in which the roots are conveniently expressed in terms of an orthonormal basis of Rn:
∆l = {Ξ,Υ,Ω, . . . , } = {±2ej : j = 1, . . . , n}, 2n roots, (4.3)
∆s = {α, β, γ, . . . , } = {±ej ± ek : j 6= k = 1, . . . , n}, 2n(n− 1) roots. (4.4)
The Hamiltonian of untwisted Cn model is given by
HuntwistedCn =
1
2
p2 +
g2s
2
∑
α∈∆s
℘(α · q) + g
2
l
4
∑
Ξ∈∆l
℘(Ξ · q), (4.5)
in which gl and gs are the two coupling constants for the long roots and short roots. The
twisted model is obtained by multiplying one of the primitive periods of the potential for
the short roots by a factor of one half (II.3.21):
HtwistedCn =
1
2
p2 +
g2s
2
∑
α∈∆s
℘(1/2)(α · q) + g
2
l
4
∑
Ξ∈∆l
℘(Ξ · q). (4.6)
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In this paper we choose {2ω1, 2ω3} → {ω1, 2ω3}, that is the potential for the short roots is
℘(1/2)(u) ≡ ℘(u|ω1, 2ω3) = ℘(u) + ℘(u+ ω1)− ℘(ω1). (4.7)
The second equality is known as Landen’s transformation. The other case {2ω1, 2ω3} →
{2ω1, ω3} can be treated in a similar way. The extended twisted Cn model is defined, roughly
speaking, by a sum of the untwisted Hamiltonian at a half-period and the twisted Hamilto-
nian:
Hex−twistedCn = HuntwistedCn
(1/2)
+HtwistedCn
=
1
2
p2 +
g2s
2
∑
α∈∆s
℘(1/2)(α · q) + 1
4
∑
Ξ∈∆l
[
g˜2l1℘(Ξ · q) + g2l2℘(1/2)(Ξ · q)
]
, (4.8)
in which the “renormalised” long root coupling constant is defined by
g˜2l1 = gl1(gl1 + 2gl2) (4.9)
from the parameters in the Lax pairs (4.14) and (4.19). The potential for the long root has
two terms, the Weierstrass function with periods {2ω1, 2ω3} and the one with the half-period
{ω1, 2ω3}. Obviously the above Hamiltonian (4.8) is integrable for g˜2l1 = 0 or g2l2 = 0. The
orthogonality of the long roots (4.1) allows these two potentials to co-exist without breaking
the integrability.
The Lax pairs for the twisted model are simply obtained from those of the untwisted
model by changing the functions x, xd and y, yd corresponding to short roots to new ones
having a half-period.
4.1.1 Root type Lax pair for extended twisted Cn model based on short roots
∆s
The Lax pair is given in terms of short roots. It is determined by the root difference pattern
of the short roots:
Cn : short root− short root =


short root
2× short root
long root
non-root
(4.10)
The matrix elements of Ls and Ms are labeled by indices β, γ etc.:
Ls(q, p, ξ) = p ·H +X +Xd +XL,
Ms(q, ξ) = D +DL + Y + Yd +XL, (4.11)
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Here X and Y correspond to the part of “short root − short root = short root” of (4.10):
X = igs
∑
α∈∆s
x(1/2)(α · q, ξ)E(α), Y = igs
∑
α∈∆s
y(1/2)(α · q, ξ)E(α), E(α)βγ = δβ−γ,α,
(4.12)
and Xd and Yd correspond to “short root − short root = 2× short root” of (4.10):
Xd = 2igs
∑
α∈∆s
x
(1/2)
d (α · q, ξ)Ed(α), Yd = igs
∑
α∈∆s
y
(1/2)
d (α · q, ξ)Ed(α), Ed(α)βγ = δβ−γ,2α.
(4.13)
The terms in Ls (Ms), XL (YL) corresponding to “short root − short root = long root” of
(4.17) have two terms corresponding to two independent coupling constants for the long root
potentials:
XL = i
∑
Ξ∈∆l
[
gl1x(Ξ · q, ξ) + gl2x(1/2)(Ξ · q, ξ)
]
E(Ξ),
YL = i
∑
Ξ∈∆l
[
gl1y(Ξ · q, ξ) + gl2y(1/2)(Ξ · q, ξ)
]
E(Ξ),
E(Ξ)βγ = δβ−γ,Ξ. (4.14)
The diagonal parts of Ls and Ms are given by
Hβγ = βδβ,γ, Dβγ = δβ,γDβ, Dβ = −igs
(
z(1/2)(β · q) +
∑
κ∈∆s, κ·β=1
z(1/2)(κ · q)
)
,
(4.15)
and
(DL)βγ = δβ,γ(DL)β, (DL)β = −i
∑
Υ∈∆l, β·Υ=2
[
gl1z(Υ · q) + gl2z(1/2)(Υ · q)
]
. (4.16)
The new functions x(1/2), y(1/2) = x(1/2)
′
, z(1/2) and x
(1/2)
d , y
(1/2)
d = x
(1/2)
d
′
must satisfy certain
sum rules which are generalisations of the second sum rule. These sum rules are listed in
section 5 together with the explicit forms of the new functions. It is easy to verify
Tr(L2s) = 8(n− 1)Hex−twistedCn ,
in which a factorisation identity (5.23) is responsible for the renormalisation of the long root
coupling.
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4.1.2 Root type Lax pair for extended twisted Cn model based on long roots ∆l
The Lax pair is given in terms of long roots. It is determined by the root difference pattern
of the long roots:
Cn : long root− long root =


2× long root
2× short root
non-root
(4.17)
The matrix elements of LL and ML are labeled by indices Υ,Ω etc.:
LL(q, p, ξ) = p ·H +Xd +Xs,
ML(q, ξ) = D + Yd + Ys. (4.18)
Here Xd and Yd correspond to the part of “long root − long root = 2× long root” of (4.17):
Xd = 2i
∑
Ξ∈∆l
[
gl1xd(Ξ · q, ξ) + gl2x(1/2)d (Ξ · q, ξ)
]
Ed(Ξ),
Yd = i
∑
Ξ∈∆l
[
gl1yd(Ξ · q, ξ) + gl2y(1/2)d (Ξ · q, ξ)
]
Ed(Ξ),
Ed(Ξ)ΥΩ = δΥ−Ω,2Ξ, (4.19)
and Xs and Ys correspond to “long root − long root = 2× short root” of (4.17):
Xs = 2igs
∑
α∈∆s
x
(1/2)
d (α · q, ξ)Ed(α), Ys = igs
∑
α∈∆s
y
(1/2)
d (α · q, ξ)Ed(α), Ed(α)ΥΩ = δΥ−Ω,2α.
(4.20)
The diagonal parts of LL and ML are given by
HΥΩ = ΥδΥ,Ω, DΥΩ = δΥ,ΩDΥ,
DΥ = −i
(
gl1zd(Υ · q, ξ) + gl2z(1/2)d (Υ · q, ξ) + gs
∑
κ∈∆s, κ·Υ=2
z
(1/2)
d (κ · q)
)
. (4.21)
The functions x(1/2), y(1/2) = x(1/2)
′
, z(1/2) and x
(1/2)
d , y
(1/2)
d = x
(1/2)
d
′
are the same as those
appearing in the Lax pair based on short roots. Needless to say, the consistency of the root
type Lax pairs (4.11) and (4.18) does not depend on the explicit representation of the roots
in terms of the orthonormal basis (4.3,4.4). This remark applies to the other models as well.
4.2 Extended twisted Bn model
The set of Bn roots consists of two parts, long roots and short roots:
∆Bn = ∆l ∪∆s, (4.22)
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in which the roots are conveniently expressed in terms of an orthonormal basis of Rn:
∆l = {α, β, γ, . . . , } = {±ej ± ek : j 6= k = 1, . . . , n}, 2n(n− 1) roots,
∆s = {λ, µ, ν, . . . , } = {±ej : j = 1, . . . , n}, 2n roots. (4.23)
The Hamiltonian of the untwisted Bn model is given by
HuntwistedBn =
1
2
p2 +
g2l
2
∑
α∈∆l
℘(α · q) + g2s
∑
λ∈∆s
℘(λ · q). (4.24)
As in the Cn case, the twisted model is obtained by multiplying one of the primitive periods
of the potential for the short roots by a factor of one half (II.3.33):
HtwistedBn =
1
2
p2 +
g2l
2
∑
α∈∆l
℘(α · q) + g2s
∑
λ∈∆s
℘(1/2)(λ · q). (4.25)
The extended twisted Bn model is defined, roughly speaking, as a sum of the untwisted
Hamiltonian and the twisted Hamiltonian:
Hex−twistedBn = HuntwistedBn +HtwistedBn
=
1
2
p2 +
g2l
2
∑
α∈∆l
℘(α · q) +
∑
λ∈∆s
[
g˜2s1℘(λ · q) + g2s2℘(1/2)(λ · q)
]
, (4.26)
in which the renormalised short root coupling constant is defined by
g˜2s1 = gs1(gs1 + 2gs2) (4.27)
from the parameters in the Lax pairs (4.31) and (4.38).
4.2.1 Root type Lax pair for extended twisted Bn model based on short roots
∆s
The Lax pair is given in terms of the short roots. It is determined by the root difference
pattern of the short roots:
Bn : short root− short root =


long root
2× short root
non-root
(4.28)
The matrix elements of Ls and Ms are labeled by indices µ, ν etc.:
Ls(q, p, ξ) = p ·H +X +Xd,
Ms(q, ξ) = D + Y + Yd. (4.29)
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Here X and Y correspond to the part of “short root − short root = long root” of (4.28):
X = igl
∑
α∈∆l
x(α · q, ξ)E(α), Y = igl
∑
α∈∆l
y(α · q, ξ)E(α), E(α)µν = δµ−ν,α. (4.30)
Thus they have the same form as in the untwisted model. The difference occurs in Xd and
Yd, which correspond to “short root − short root = 2× short root” of (4.28):
Xd = 2i
∑
λ∈∆s
[
gs1xd(λ · q, ξ) + gs2x(1/2)d (λ · q, ξ)
]
Ed(λ),
Yd = i
∑
λ∈∆s
[
gs1yd(λ · q, ξ) + gs2y(1/2)d (λ · q, ξ)
]
Ed(λ),
Ed(λ)µν = δµ−ν,2λ. (4.31)
Both full and half-period functions appear in these matrix elements. The diagonal parts of
Ls and Ms are given by
Hµν = µδµ,ν , Dµν = δµ,νDµ,
Dµ = −i
(
gs1zd(µ · q, ξ) + gs2z(1/2)d (µ · q, ξ) + gl
∑
γ∈∆l, γ·µ=1
z(γ · q)
)
. (4.32)
The functions z(1/2) and x
(1/2)
d , y
(1/2)
d = x
(1/2)
d
′
are the same as those that appear in the Lax
pairs for the twisted Cn models. It is easy to verify
Tr(L2s) = 4Hex−twistedBn , (4.33)
in which the extended twisted Bn Hamiltonian is given above (4.26).
4.2.2 Root type Lax pair for extended twisted Bn model based on long roots ∆l
The Lax pair is given in terms of the long roots. The matrix elements of Ll and Ml are
labeled by indices α, β etc. From the root difference pattern of the long roots
Bn : long root− long root =


long root
2× long root
2× short root
non-root
(4.34)
we obtain the Lax pair:
Ll(q, p, ξ) = p ·H +X +Xd +Xs,
Ml(q, ξ) = D +Ds+ Y + Yd + Ys. (4.35)
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Here X and Y correspond to the part of “long root − long root = long root” of (4.34):
X = igl
∑
α∈∆l
x(α · q, ξ)E(α), Y = igl
∑
α∈∆l
y(α · q, ξ)E(α), E(α)βγ = δβ−γ,α, (4.36)
and Xd and Yd correspond to “long root − long root = 2× long root” of (4.34):
Xd = 2igl
∑
α∈∆l
xd(α ·q, ξ)Ed(α), Yd = igl
∑
α∈∆l
yd(α ·q, ξ)Ed(α), Ed(α)βγ = δβ−γ,2α. (4.37)
An additional term in Ll (Ml), Xs (Ys) corresponds to “long root − long root = 2× short
root” of (4.34):
Xs = 2i
∑
λ∈∆s
[
gs1xd(λ · q, ξ) + gs2x(1/2)d (λ · q, ξ)
]
Ed(λ),
Ys = i
∑
λ∈∆s
[
gs1yd(λ · q, ξ) + gs2y(1/2)d (λ · q, ξ)
]
Ed(λ),
Ed(λ)βγ = δβ−γ,2λ. (4.38)
The diagonal parts of Ll and Ml are given by
Hβγ = βδβ,γ, Dβγ = δβ,γDβ, Dβ = −igl
(
z(β · q) +
∑
κ∈∆l, κ·β=1
z(κ · q)
)
, (4.39)
and
(Ds)βγ = δβ,γ(Ds)β, (Ds)β = −i
∑
λ∈∆s, β·λ=1
[
gs1zd(λ · q, ξ) + gs2z(1/2)d (λ · q, ξ)
]
. (4.40)
The functions z(1/2) and x
(1/2)
d , y
(1/2)
d = x
(1/2)
d
′
are the same as those that appear in the Lax
pairs for the twisted Cn models. It is easy to verify that
Tr(L2l ) = 8(n− 1)Hex−twistedBn , (4.41)
in which the extended twisted Bn Hamiltonian is given above (4.26).
4.3 Twisted F4 model
The set of F4 roots consists of two parts, long and short roots:
∆F4 = ∆l ∪∆s, (4.42)
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in which the roots are conveniently expressed in terms of an orthonormal basis of R4:
∆l = {α, β, γ, . . . , } = {±ej ± ek : j 6= k = 1, . . . , 4}, 24 roots,
∆s = {λ, µ, ν, . . . , } = {±ej , 1
2
(±e1 ± e2 ± e3 ± e4) : j = 1, . . . , 4}, 24 roots.(4.43)
The set of long roots has the same structure as the D4 roots and the set of short roots has
the same structure as the union of D4 vector, spinor and anti-spinor weights. The untwisted
F4 Hamiltonian is given by
HuntwistedF4 =
1
2
p2 +
g2l
2
∑
α∈∆l
℘(α · q) + g2s
∑
λ∈∆s
℘(λ · q). (4.44)
It should be noted that this has the same general structure as the Hamiltonian of the
untwisted Bn theory (4.24). As in the Cn and Bn cases, the twisted model is obtained
by multiplying one of the primitive periods of the potential for the short roots by a factor
of one half (II.3.41):
HtwistedF4 =
1
2
p2 +
g2l
2
∑
α∈∆l
℘(α · q) + g2s
∑
λ∈∆s
℘(1/2)(λ · q). (4.45)
4.3.1 Root type Lax pair for twisted F4 model based on short roots ∆s
The Lax pair is given in terms of the short roots. It is determined by the root difference
pattern of the short roots:
F4 : short root− short root =


long root
short root
2× short root
non-root
(4.46)
The matrix elements of Ls and Ms are labeled by indices µ, ν etc.:
Ls(q, p, ξ) = p ·H +X +Xd +Xl,
Ms(q, ξ) = D +Dl + Y + Yd + Yl. (4.47)
Here X and Y correspond to the part of “short root − short root = short root” of (4.46):
X = igs
∑
λ∈∆s
x(1/2)(λ·q, ξ)E(λ), Y = igs
∑
λ∈∆s
y(1/2)(λ·q, ξ)E(λ), E(λ)µν = δµ−ν,λ, (4.48)
and Xd and Yd correspond to “short root − short root = 2× short root” of (4.46):
Xd = 2igs
∑
λ∈∆s
x
(1/2)
d (λ · q, ξ)Ed(λ), Yd = igs
∑
λ∈∆s
y
(1/2)
d (λ · q, ξ)Ed(λ), Ed(λ)µν = δµ−ν,2λ,
(4.49)
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and these functions have half-period. The additional terms Xl and Yl correspond to “short
root − short root = long root” of (4.46) and they have the same form as in the untwisted
model:
Xl = igl
∑
α∈∆l
x(α · q, ξ)E(α), Yl = igl
∑
α∈∆l
y(α · q, ξ)E(α), E(α)µν = δµ−ν,α. (4.50)
The diagonal parts of Ls and Ms are given by
Hµν = µδµ,ν , Dµν = δµ,νDµ, Dµ = −igs

 z(1/2)(µ · q) + ∑
λ∈∆s, λ·µ=1/2
z(1/2)(λ · q)

 ,
(4.51)
and
(Dl)µν = δµ,ν(Dl)µ, (Dl)µ = −igl
∑
α∈∆l, α·µ=1
z(α · q). (4.52)
The functions x(1/2), y(1/2), z(1/2) and x
(1/2)
d , y
(1/2)
d are the same as those appear in the Lax
pairs for the twisted Cn models. It is easy to verify that
Tr(L2s) = 12HtwistedF4 , (4.53)
in which the twisted Hamiltonian is given by (4.45). In different notation the above Lax pair
(4.47)–(4.52) was reported in [6].
4.3.2 Root type Lax pair for untwisted F4 model based on long roots ∆l
The Lax pair is given in terms of long roots. The general structure of this Lax pair is
essentially the same as that of the Bn theory, since the pattern of the long root– long root
F4 : long root− long root =


long root
2× long root
2× short root
non-root
(4.54)
is the same as that of Bn (4.34). So we list the general form only without further explanation.
They are matrices with indices β, γ etc.:
Ll(q, p, ξ) = p ·H +X +Xd +Xs,
Ml(q, ξ) = D +Ds+ Y + Yd + Ys. (4.55)
X = igl
∑
α∈∆l
x(α · q, ξ)E(α), Y = igl
∑
α∈∆l
y(α · q, ξ)E(α), E(α)βγ = δβ−γ,α. (4.56)
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Xd = 2igl
∑
α∈∆l
xd(α ·q, ξ)Ed(α), Yd = igl
∑
α∈∆l
yd(α ·q, ξ)Ed(α), Ed(α)βγ = δβ−γ,2α. (4.57)
Xs = 2igs
∑
λ∈∆s
x
(1/2)
d (λ · q, ξ)Ed(λ), Ys = igs
∑
λ∈∆s
y
(1/2)
d (λ · q, ξ)Ed(λ), Ed(λ)βγ = δβ−γ,2λ.
(4.58)
The diagonal parts of Ll and Ml are given by
Hβγ = βδβ,γ, Dβγ = δβ,γDβ, Dβ = −igl
(
z(β · q) +
∑
κ∈∆l, κ·β=1
z(κ · q)
)
, (4.59)
and
(Ds)βγ = δβ,γ(Ds)β, (Ds)β = −igs
∑
λ∈∆s, β·λ=1
z(1/2)(λ · q). (4.60)
The functions z(1/2) and x
(1/2)
d , y
(1/2)
d are the same as those that appear in the Lax pairs for
the twisted Cn models. It is easy to verify that
Tr(L2l ) = 24HtwistedF4 , (4.61)
in which the twisted F4 Hamiltonian is given above (4.45).
4.4 Twisted G2 model
A Lax pair for the twisted G2 model has never been constructed in any form. Here we
present new Lax pairs based on short and long roots for this model. The twisted G2 model
has some features different from those discussed above due to the ratio of (long root)2/(short
root)2 = 3 instead of 2 for the other non-simply laced root systems. The set of G2 roots
consists of two parts, long and short roots:
∆G2 = ∆l ∪∆s, (4.62)
in which the roots are conveniently expressed in terms of an orthonormal basis of R2:
∆l = {α, β, γ, . . . , } = {±(−3e1 +
√
3e2)/2,±(3e1 +
√
3e2)/2,±
√
3e2}, 6 roots,
∆s = {λ, µ, ν, . . . , } = {±e1,±(−e1 +
√
3e2)/2,±(e1 +
√
3e2)/2}, 6 roots. (4.63)
The sets of long and short roots have the same structure as the A2 roots, scaled and rotated
by pi/6. The untwisted G2 Hamiltonian is given by
HuntwistedG2 =
1
2
p2 +
g2l
3
∑
α∈∆l
℘(α · q) + g2s
∑
λ∈∆s
℘(λ · q). (4.64)
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The twisting leads to a short root potential with a third-period function (II.3.48):
HtwistedG2 =
1
2
p2 +
g2l
3
∑
α∈∆l
℘(α · q) + g2s
∑
λ∈∆s
℘(1/3)(λ · q), (4.65)
in which we choose the convention (4.7)
℘(1/3)(u) ≡ ℘(u|2ω1/3, 2ω3)
= ℘(u) + ℘(u+ 2ω1/3) + ℘(u+ 4ω1/3)− ℘(2ω1/3)− ℘(4ω1/3). (4.66)
The second equality is Landen’s transformation for a third-period.
4.4.1 Root type Lax pair for twisted G2 model based on short roots ∆s
The Lax pair is given in terms of short roots. The general structure of this Lax pair is
essentially the same as that of F4 theory, since the pattern of the short root– short root
G2 : short root− short root =


long root
short root
2× short root
non-root
(4.67)
is the same as that of the F4 model (4.46). The difference is that the functions associated
with the short root potential have a third-period. The matrix elements of Ls and Ms are
labeled by indices µ, ν etc.:
Ls(q, p, ξ) = p ·H +X +Xd +Xl,
Ms(q, ξ) = D +Dl + Y + Yd + Yl, (4.68)
X = igs
∑
λ∈∆s
x(1/3)(λ·q, ξ)E(λ), Y = igs
∑
λ∈∆s
y(1/3)(λ·q, ξ)E(λ), E(λ)µν = δµ−ν,λ. (4.69)
Xd = 2igs
∑
λ∈∆s
x
(1/3)
d (λ · q, ξ)Ed(λ), Yd = igs
∑
λ∈∆s
y
(1/3)
d (λ · q, ξ)Ed(λ), Ed(λ)µν = δµ−ν,2λ.
(4.70)
Xl = igl
∑
α∈∆l
x(α · q, ξ)E(α), Yl = igl
∑
α∈∆l
y(α · q, ξ)E(α), E(α)µν = δµ−ν,α. (4.71)
The diagonal parts of Ls and Ms are given by
Hµν = µδµ,ν , Dµν = δµ,νDµ, Dµ = −igs

 z(1/3)(µ · q) + ∑
λ∈∆s, λ·µ=1/2
z(1/3)(λ · q)

 ,
(4.72)
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and
(Dl)µν = δµ,ν(Dl)µ, (Dl)µ = −igl
∑
α∈∆l, α·µ=3/2
z(α · q). (4.73)
The new functions x(1/3), y(1/3), z(1/3) and x
(1/3)
d , y
(1/3)
d must satisfy certain sum rules which
are generalisations of the third sum rule. These sum rules are listed in section 5 together
with the explicit forms of the new functions. It is easy to verify that
Tr(L2s) = 6HtwistedG2 , (4.74)
in which the twisted G2 Hamiltonian is given by (4.65).
4.4.2 Root type Lax pair for untwisted G2 model based on long roots ∆l
This Lax pair is different from the others because of the ‘triple root’ term in the pattern of
the long root– long root:
G2 : long root− long root =


long root
2× long root
3× short root
non-root
(4.75)
The matrix elements of Ll and Ml are labeled by indices β, γ etc.:
Ll(q, p, ξ) = p ·H +X +Xd +Xt,
Ml(q, ξ) = D +Dt+ Y + Yd + Yt. (4.76)
The terms X, Y and Xd, Yd are the same as before:
X = igl
∑
α∈∆l
x(α · q, ξ)E(α), Y = igl
∑
α∈∆l
y(α · q, ξ)E(α), E(α)βγ = δβ−γ,α. (4.77)
Xd = 2igl
∑
α∈∆l
xd(α ·q, ξ)Ed(α), Yd = igl
∑
α∈∆l
yd(α ·q, ξ)Ed(α), Ed(α)βγ = δβ−γ,2α. (4.78)
The ‘triple root’ terms Xt and Yt are associated with the new functions x
(1/3)
t and y
(1/3)
t :
Xt = 3igs
∑
λ∈∆s
x
(1/3)
t (λ · q, ξ)Et(λ), Yt = igs
∑
λ∈∆s
y
(1/3)
t (λ · q, ξ)Et(λ), Et(λ)βγ = δβ−γ,3λ.
(4.79)
The diagonal parts of Ll and Ml are given by
Hβγ = βδβ,γ, Dβγ = δβ,γDβ, Dβ = −igl

z(β · q) + ∑
κ∈∆l, κ·β=3/2
z(κ · q)

 , (4.80)
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and
(Dt)βγ = δβ,γ(Dt)β, (Dt)β = −igs
∑
λ∈∆s, β·λ=3/2
z(1/3)(λ · q). (4.81)
The new functions x
(1/3)
t and y
(1/3)
t must satisfy certain sum rules which are generalisations
of the third sum rule. These sum rules are listed in section 5 together with the explicit forms
of the new functions.
4.5 Extended Twisted BCn root system Lax pair with five inde-
pendent couplings
The BCn root system consists of three parts: long, middle and short roots:
∆BCn = ∆l ∪∆m ∪∆s, (4.82)
in which the roots are conveniently expressed in terms of an orthonormal basis of Rn:
∆l = {Ξ,Υ,Ω, . . . , } = {±2ej : j = 1, . . . , n}, 2n roots, (4.83)
∆m = {α, β, γ, . . . , } = {±ej ± ek : j, k = 1, . . . , n}, 2n(n− 1) roots, (4.84)
∆s = {λ, µ, ν, . . . , } = {±ej : j = 1, . . . , n}, 2n roots. (4.85)
The Hamiltonian of the untwisted BCn model is the Cn Hamiltonian (4.5) plus the contri-
bution from the short root potential:
HuntwistedBCn =
1
2
p2 +
g2m
2
∑
α∈∆m
℘(α · q) + g
2
l
4
∑
Ξ∈∆l
℘(Ξ · q) + g2s
∑
λ∈∆s
℘(λ · q). (4.86)
The Hamiltonian of the extended twisted BCn model is, roughly speaking, the sum of the
extended twisted Cn Hamiltonian (4.8) and the extended twisted Bn Hamiltonian (4.26) at
half-period:
Hex−twistedBCn =
1
2
p2 +
g2m
2
∑
α∈∆m
℘(1/2)(α · q) + 1
4
∑
Ξ∈∆l
[
g˜2l1℘(Ξ · q) + g2l2℘(1/2)(Ξ · q)
]
+
∑
λ∈∆s
[
g˜2s1℘
(1/2)(λ · q) + g˜2s2℘(1/4)(λ · q)
]
, (4.87)
in which renormalised coupling constants are defined by
g˜2l1 = gl1(gl1 + 2gl2),
g˜2s1 = gs1
(
gs1 +
1
2
(gl1 + gl2) + 2gs2
)
+
1
2
gl1gs2,
g˜2s2 = gs2(gs2 + 2gl2). (4.88)
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The twisted BCn Hamiltonian derived by reduction in paper II (II.3.61) may be obtained by
gl1 = gm = gs1 = −gs2 =
√
2g, gl2 = 0.
Here we consider the Lax pair based on the middle roots only. The pattern of middle
root– middle root is
BCn : middle root−middle root =


long root
middle root
2×middle root
2× short root
non-root
(4.89)
We can then construct the root type Lax pair for BCn root system:
Lm(q, p, ξ) = p ·H +X +Xd +XL +Xs,
Mm(q, ξ) = D +DL + Y + Yd + YL +Ds+ Ys. (4.90)
The matrix elements of Lm and Mm are labeled by indices β, γ etc. This Lax pair is, roughly
speaking, the sum of the extended twisted Cn Lax pair based on short roots (with renaming
of the couplings) and the extended twisted Bn Lax pair based on long roots (both periods of
the potentials are halved). Here p ·H +X +Xd+XL (D+DL+ Y +Yd+ YL) is exactly the
same as the Ls (Ms) matrix of extended Cn models with three coupling constants based on
short roots. An additional term in Lm (Mm), Xs (Ys) corresponds to “middle root − middle
root = 2× short root” of (4.89):
Xs = 2i
∑
λ∈∆s
[
gs1x
(1/2)
d (λ · q, ξ) + gs2x(1/4)d (λ · q, ξ)
]
Ed(λ),
Ys = i
∑
λ∈∆s
[
gs1y
(1/2)
d (λ · q, ξ) + gs2y(1/4)d (λ · q, ξ)
]
Ed(λ),
Ed(λ)µν = δµ−ν,2λ, (4.91)
(Ds)βγ = δβ,γ(Ds)β, (Ds)β = −i
∑
λ∈∆s, β·λ=1
[
gs1z
(1/2)
d (λ · q, ξ) + gs2z(1/4)d (λ · q, ξ)
]
, (4.92)
which is a half-period version of the extended twisted Bn model based on long roots (4.38).
The new functions x
(1/4)
d , y
(1/4)
d , z
(1/4)
d and their sum rules are given in section 5. It is easy
to verify that
Tr(L2m) = 8(n− 1)Hex−twistedBCn , (4.93)
for which various factorisation relations (3.21),(5.22)–(5.25), are responsible for the renor-
malisation of the couplings (4.88). The verification that the Lax equation is equivalent to
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the canonical equation of motion is again essentially the same as in the extended twisted Cn
and Bn models.
At the end of this section let us remark on the relation between our extended twisted
BCn model and Inozemtsev’s work [5]. His model has a potential, which in our notation is:
VInozemtsev =
g2
2
∑
α∈∆m
℘(1/2)(α · q)
+
1
2
∑
λ∈∆s
[
g21℘
(1/2)(λ · q) + g22℘(1/2)(λ · q +
ω1
2
) + g23℘
(1/2)(λ · q + ω3)
+ g24℘
(1/2)(λ · q + ω1
2
+ ω3)
]
, (4.94)
which is equivalent to our Hamiltonian (4.87) if the coupling constants are related by
g˜2l1 = 8(g
2
3 − g24), g2l2 = 8g24, g2m = g2,
g˜2s1 =
1
2
(g21 − g22 − g23 + g24), g˜2s2 =
1
2
(g22 − g24). (4.95)
5 Functions in the Lax pairs for twisted models
As we have seen in the previous section, many different functions enter in the Lax pairs for
the twisted Calogero-Moser models. They are untwisted functions
x, y = x′, z, xd, yd = x
′
d, zd
associated with the potential for the long roots. Another set of functions with half-period
x(1/2), y(1/2) = x(1/2)
′
, z(1/2), x
(1/2)
d , y
(1/2)
d = x
(1/2)
d
′
, z
(1/2)
d
is introduced for potential for short roots having the ratio (long root)2 :(short root)2 = 2 : 1.
They appear in the twisted Cn, Bn, F4 and BCn models. The third set of functions with
third-period
x(1/3), y(1/3) = x(1/3)
′
, z(1/3), x
(1/3)
d , y
(1/3)
d = x
(1/3)
d
′
, z
(1/3)
d ,
x
(1/3)
t , y
(1/3)
t = x
(1/3)
t
′
, z
(1/3)
t
is used in the twisted G2 model in which the ratio (long root)
2 :(short root)2 is 3 : 1. Finally
the functions with quarter period
x
(1/4)
d , y
(1/4)
d = x
(1/4)
d
′
, z
(1/4)
d
appear in the twisted BCn model.
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5.1 Twisted sum rules
In this subsection we give the sum rules or the functional relations to be satisfied by these
functions. The explicit forms of these functions will be given in the next subsection. First
of all, they all have to satisfy the first sum rule:
x(1/n)
′
(u)x(1/n)(v)−x(1/n) ′(v)x(1/n)(u) = x(1/n)(u+v)[℘(1/n)(v)−℘(1/n)(u)], n = 2, 3, (5.1)
x
(1/n)
d
′
(u)x
(1/n)
d (v)− x(1/n)d
′
(v)x
(1/n)
d (u) = x
(1/n)
d (u+ v)[℘
(1/n)(v)− ℘(1/n)(u)], n = 2, 3, 4,
(5.2)
x
(1/3)
t
′
(u)x
(1/3)
t (v)− x(1/3)t
′
(v)x
(1/3)
t (u) = x
(1/3)
t (u+ v)[℘
(1/3)(v)− ℘(1/3)(u)], (5.3)
so that they give the potential with the 1/n-th period by the factorisation formula (3.10):
z(1/n)(u) = x(1/n)(u)x(1/n)(−u) = −℘(1/n)(u) + const, n = 2, 3,
z
(1/n)
d (u) = x
(1/n)
d (u)x
(1/n)
d (−u) = −℘(1/n)(u) + const, n = 2, 3, 4,
z
(1/3)
t (u) = x
(1/3)
t (u)x
(1/3)
t (−u) = −℘(1/3)(u) + const.
There are three types of twisted second sum rules:
x(u− v) [℘(1/2)(v)− ℘(1/2)(u)] + 2 [x(1/2)d (u) y(−u− v)− y(u+ v) x(1/2)d (−v)]
+ x(u+ v) y
(1/2)
d (−v)− y(1/2)d (u) x(−u− v) = 0, (5.4)
x(1/2)(u− v) [℘(2v)− ℘(2u)] + x(2u) y(1/2)(−u− v)− y(1/2)(u+ v) x(−2v)
+ x(1/2)(u+ v) y(−2v)− y(2u) x(1/2)(−u− v) = 0, (5.5)
x
(1/2)
d (u− v) [℘(2v)− ℘(2u)] + xd(2u) y(1/2)d (−u− v)− y(1/2)d (u+ v) xd(−2v)
+ x
(1/2)
d (u+ v) yd(−2v)− yd(2u) x(1/2)d (−u− v) = 0, (5.6)
in which (5.4) is obtained from the untwisted second sum rule (3.3) by changing the double
root functions xd, yd, zd into x
(1/2)
d , y
(1/2)
d , z
(1/2)
d . This is related to the two dimensional root
system Bn and a part of its root difference patterns (4.28), (4.34), i.e.
(long or short) root− (long or short) root =
{
long root (x)
2× short root (x(1/2)d )
(5.7)
This sum rule is responsible for the consistency of the twisted Lax pairs of the models
containing the above pattern, see subsections 4.1.1, 4.2.2, 4.2.1, 4.3.1, 4.3.2. The next
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twisted second sum rule (5.5) is related to the two dimensional root system Cn and to a part
of its root difference patterns (4.10), i.e.
short root− short root =
{
long root (x)
short root (x(1/2))
(5.8)
This sum rule is responsible for the consistency of the twisted Lax pairs of the models con-
taining the above pattern, that is the Cn and F4 models based on short roots, see subsections
4.1.1, 4.3.1. The last twisted second sum rule (5.6) is related to the two dimensional root
system Bn(Cn) and to a part of its root difference patterns (4.17), (4.34), i.e.
long root− long root =
{
2× long root (xd)
2× short root (x(1/2)d )
(5.9)
Obviously (5.6) can be obtained from (5.5) by changing x, x(1/2) (and y, y(1/2) ) to xd, x
(1/2)
d
(and yd, y
(1/2)
d ). This sum rule is responsible for the consistency of the twisted Lax pairs
of the models containing the above pattern, that is the Cn, Bn and F4 models based on
long roots, see subsections 4.1.2, 4.2.1, 4.3.2. Finally, the twisted functions also satisfy the
ordinary second sum rules:
x(1/n)(u− v) [℘(1/n)(v)− ℘(1/n)(u)]+ 2 [x(1/n)d (u) y(1/n)(−u− v)− y(1/n)(u+ v) x(1/n)d (−v)]
+ x(1/n)(u+ v) y
(1/n)
d (−v)− y(1/n)d (u) x(1/n)(−u− v) = 0, n = 2, 3, 4. (5.10)
This is responsible for the consistency of the twisted Lax pairs of the models containing the
pattern
short (middle) root− short (middle) root =
{
short (middle) root (x(1/n))
2× short (middle) root (x(1/n)d )
(5.11)
This occurs in F4 (n = 2) and G2 (n = 3) Lax pair based on short roots and BCn (n = 2)
Lax pair based on middle roots. Some of the above twisted second sum rules, (5.4), (5.5)
and (5.10) for n = 2 were reported in [6].
There are two types of twisted third sum rules:
x(3u− 3v)[℘(1/3)(2u− v)− ℘(1/3)(u− 2v)]− x(3v) y(1/3)t (u− 2v)
+y
(1/3)
t (2u− v) x(−3u)− 2xd(3u) y(1/3)t (−u− v) + 2y(1/3)t (u+ v) xd(−3v)
−3x(1/3)t (2u− v) y(−3u) + 3y(3v) x(1/3)t (u− 2v)− 3x(1/3)t (u+ v) yd(−3v)
+ 3yd(3u) x
(1/3)
t (−u− v) = 0, (5.12)
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x(1/3)(u− v)[℘(2u− v)− ℘(u− 2v)]− x(1/3)(v) y(u− 2v)
+y(2u− v) x(1/3)(−u)− 2x(1/3)d (u) y(−u− v) + 2y(u+ v) x(1/3)d (−v)
−x(2u− v) y(1/3)(−u) + y(1/3)(v) x(u− 2v)− x(u+ v) y(1/3)d (−v)
+ y
(1/3)
d (u) x(−u− v) = 0, (5.13)
in which (5.12) is obtained from the untwisted third sum rule (3.4) by changing the triple root
functions xt, yt, zt into x
(1/3)
t , y
(1/3)
t , z
(1/3)
t . Obviously this is related to the two dimensional
root system G2 and its long root -long root pattern (4.75). This is responsible for the
consistency of twisted G2 Lax pair based on long roots discussed in 4.4.2. The next twisted
third sum rule (5.13) plays a role in twisted G2 Lax pair based on short roots discussed in
4.4.1.
5.2 Twisted functions
Here we give a simple set of functions with spectral parameter satisfying all of the sum rules
given in section 3, (3.1), (3.3), (3.4) and section 5, (5.1)–(5.6), (5.10), (5.12) and (5.13):
x(u, ξ) =
σ(ξ − u)
σ(ξ)σ(u)
, xd(u, ξ) = x(u, 2ξ), xt(u, ξ) = x(u, 3ξ), (5.14)
x(1/2)(u, ξ) =
σ(1/2)(ξ/2− u)
σ(1/2)(ξ/2)σ(1/2)(u)
exp [e1ξ u/2] x
(1/2)
d (u, ξ) = x
(1/2)(u, 2ξ), (5.15)
x(1/3)(u, ξ) =
σ(1/3)(ξ/3− u)
σ(1/3)(ξ/3)σ(1/3)(u)
exp [(2/3)℘(2ω1/3) ξ u] ,
x
(1/3)
d (u, ξ) = x
(1/3)(u, 2ξ), x
(1/3)
t (u, ξ) = x
(1/3)(u, 3ξ), (5.16)
x(1/4)(u, ξ) =
σ(1/4)(ξ/4− u)
σ(1/4)(ξ/4)σ(1/4)(u)
exp [(e1/4 + ℘(ω1/2)/2) ξ u] ,
x
(1/4)
d (u, ξ) = x
(1/4)(u, 2ξ), (5.17)
in which the superscript (1/n) on the Weierstrass sigma functions denotes that their primitive
periods are {2ω1/n, 2ω3}
σ(1/n)(u) = σ(u|2ω1/n, 2ω3)
and those without them have the usual periods {2ω1, 2ω3}, i.e., have n = 1. In order to
show that they actually satisfy the sum rules, the monodromy property of these functions
is important. The minimum intervals and corresponding monodromies in u and ξ for these
functions are given in the following table:
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u ξ
function interval monodromy interval monodromy
x(1/n)(u, ξ)
2ω1/n exp[−(2/n)η1ξ] 2ω1 exp[−2η1u]
2ωj exp[−2ηjξ] 2nωj exp[−2nηju]
x
(1/n)
d (u, ξ)
2ω1/n exp[−(4/n)η1ξ] ω1 exp[−2η1u]
2ωj exp[−4ηjξ] nωj exp[−2nηju]
x
(1/n)
t (u, ξ)
2ω1/n exp[−(6/n)η1ξ] 2ω1/3 exp[−2η1u]
2ωj exp[−6ηjξ] 2nωj/3 exp[−2nηju]
Table 1: Monodromy Properties
This means that, for example,
x(1/n)(u+ 2ω1/n, ξ) = exp[−(2/n)η1ξ] x(1/n)(u, ξ),
x(1/n)(u, ξ + 2ω1) = exp[−2η1u] x(1/n)(u, ξ), ηj = ζ(ωj), j = 1, 2, 3.
The monodromies of the functions x(1/n) for n = 2, 3, 4 may be derived from the mon-
odromy of the function x by using the following relations
x(1/2)(u, ξ) =
x(u, ξ/2) x(u+ ω1, ξ/2)
x(ω1, ξ/2)
, (5.18)
x(1/3)(u, ξ) =
x(u, ξ/3) x(u+ 2ω1/3, ξ/3) x(u+ 4ω1/3, ξ/3)
x(2ω1/3, ξ/3) x(4ω1/3, ξ/3)
, (5.19)
x(1/4)(u, ξ) =
x(u, ξ/4) x(u+ ω1/2, ξ/4) x(u+ ω1, ξ/4) x(u+ 3ω1/2, ξ/4)
x(ω1/2, ξ/4) x(ω1, ξ/4) x(3ω1/2, ξ/4)
. (5.20)
The following factorisation identities of these solutions are useful (the dependence on ξ
on the l.h.s. is suppressed for brevity):
x(u) x(−u) = −℘(u) + ℘(ξ), (5.21)
x(1/n)(u) x(1/n)(−u) = −℘(1/n)(u) + ℘(1/n)(ξ/n), n = 2, 3, 4,
x
(1/n)
d (u) x
(1/n)
d (−u) = −℘(1/n)(u) + ℘(1/n)(2ξ/n), n = 2, 3, 4,
x
(1/3)
t (u) x
(1/3)
t (−u) = −℘(1/3)(u) + ℘(1/3)(ξ),
which give the potentials at various periods and are direct consequences of the first sum rule,
as explained in (3.12). The second group is responsible for the renormalised constants in the
extended twisted models (n = 1, 2):
x(1/n)(2u)x
(1/2n)
d (−u) + x(1/n)(−2u)x(1/2n)d (u) = −℘(1/2n)(u) + ℘(1/n)(ξ/n)
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−℘(1/n)(ω1/n), (5.22)
x(1/n)(u)x(1/2n)(−u) + x(1/n)(−u)x(1/2n)(u) = −2℘(1/n)(u) + ℘(1/2n)(ξ/2n)
+℘(1/n)(ω1/n), (5.23)
x
(1/n)
d (u)x
(1/2n)
d (−u) + x(1/n)d (−u)x(1/2n)d (u) = −2℘(1/n)(u) + ℘(1/2n)(ξ/n)
+℘(1/n)(ω1/n), (5.24)
x(2u) x
(1/4)
d (−u) + x(−2u) x(1/4)d (u) = −℘(1/2)(u) + ℘(1/2)(ξ/2). (5.25)
They are obtained from the twisted second sum rules, (5.22) from (5.4), (5.23) from (5.5)
and (5.24) from (5.6). Likewise we obtain the following relations from the twisted third sum
rules, (5.12) and (5.13):
x(3u)x
(1/3)
t (−u) + x(−3u)x(1/3)t (u) + xd(3u)x(1/3)t (−2u) + xd(−3u)x(1/3)t (2u)
= −℘(1/3)(u) + 3℘(ξ)− 2℘(2ω1/3), (5.26)
x(u)x(1/3)(−u) + x(−u)x(1/3)(u) + x(2u)x(1/3)d (−u) + x(−2u)x(1/3)d (u)
= −3℘(u) + ℘(1/3)(ξ/3) + 2℘(2ω1/3). (5.27)
5.3 Degenerate cases
Twisted Calogero-Moser models can also be defined for the trigonometric and hyperbolic
potentials. Since these potential functions have only one period, the half or third-period
potentials are simply obtained as:
cot2 u, coth2 u⇒
{
4 cot2 2u, 4 coth2 2u
9 cot2 3u, 9 coth2 3u etc.
The Lax pairs with spectral parameter for these potentials can be obtained from those Lax
pairs given in section 4 by taking the degenerate limits of the functions {x, x(1/2), xd, x(1/2)d , ...}.
With the help of the formulas (5.18)–(5.20) the degenerate limits of the twisted func-
tions {x(1/2), x(1/3), x(1/2)d , x(1/3)d , ...} can be obtained from those of the untwisted functions
{x, , xd, xt, ...} given in section 3.1.
5.3.1 Imaginary period infinite: Trigonometric potential
In this case, as we have seen, the untwisted functions (3.27)
x(u, ξ) =
σ(ξ − u)
σ(ξ)σ(u)
, xd(u, ξ) =
σ(2ξ − u)
σ(2ξ)σ(u)
xt(u, ξ) =
σ(3ξ − u)
σ(3ξ)σ(u)
,
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reduce to (3.33)
x(u, ξ) = κ (cot κu− cot κξ) e−aξu, xd(u, ξ) = x(u, 2ξ), xt(u, ξ) = x(u, 3ξ) κ =
√
12a.
From these we obtain, as expected,
x(1/n)(u, ξ) = nκ (cotnκu− cot κξ) e−aξu, n = 2, 3, 4,
x
(1/n)
d (u, ξ) = x
(1/n)(u, 2ξ), x
(1/3)
t (u, ξ) = x
(1/3)(u, 3ξ). (5.28)
In deriving these formulas from (5.18)–(5.20) use is made of an interesting trigonometric
identity:
(cot u− cot v)
n−1∏
j=1
(
cot(u+ jpi
n
)− cot v)(
cot( jpi
n
)− cot v) = n (cotnu− cotnv) , n = 1, 2, . . . , . (5.29)
The spectral parameter independent functions are
x(u) = xd(u) = xt(u) = a (cot au∓ 1), x(1/2)(u) = x(1/2)d (u) = 2a (cot 2au∓ 1),
x(1/3)(u) = x
(1/3)
d (u) = x
(1/3)
t (u) = 3a (cot 3au∓ 1),
x(1/4)(u) = x
(1/4)
d (u) = 4a (cot 4au∓ 1), a : const. (5.30)
5.3.2 Real period infinite: Hyperbolic potential
In this degenerate limit, twisting along the direction {2ω1, 2ω3} → {2ω1/n, 2ω3} gives trivial
results:
x(u) = x(1/2)(u) = x(1/3)(u), xd(u) = x
(1/2)
d (u), . . . , (5.31)
since ω1 = ∞ (3.25). That is, the twisted models are identical with the untwisted models.
Twisting along other directions give non-trivial results. For example,
{2ω1, 2ω3} → {2ω1, 2ω3/n},
the degenerate limit of the functions can be obtained in a similar way as above:
x(u, ξ) = κ (coth κu− cothκξ) eaξu, xd(u, ξ) = x(u, 2ξ), xt(u, ξ) = x(u, 3ξ) κ =
√
12a.
From these we obtain, as above,
x(1/n)(u, ξ) = nκ (cothnκu− coth κξ) eaξu, n = 2, 3, 4,
x
(1/n)
d (u, ξ) = x
(1/n)(u, 2ξ), x
(1/3)
t (u, ξ) = x
(1/3)(u, 3ξ). (5.32)
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The spectral parameter independent functions are
x(u) = xd(u) = xt(u) = a (coth au± 1), x(1/2)(u) = x(1/2)d (u) = 2a (coth 2au± 1),
x(1/3)(u) = x
(1/3)
d (u) = x
(1/3)
t (u) = 3a (coth 3au± 1),
x(1/4)(u) = x
(1/4)
d (u) = 4a (coth 4au± 1), a : const. (5.33)
6 Summary and comments
The construction of universal Lax pairs for all of the Calogero-Moser models based on root
systems is completed. This paper presents universal Lax pairs for the twisted models based
on non-simply laced root systems, following those for the models based on simply laced root
systems given in the first paper [1] and those for the untwisted models based on non-simply
laced root systems constructed in the second paper [2]. All of the Lax pairs for the twisted
models presented here are new, except for the one for the F4 model based on the short roots.
These Lax pairs are for the elliptic potentials and contain a spectral parameter. The explicit
forms and the properties of the functions appearing in the Lax pairs, the untwisted and
twisted functions, are determined from the functional equations (which we call sum rules)
necessary and sufficient for the consistency of the Lax pairs.
The spectral parameter dependent Lax pairs for the hyperbolic, trigonometric and ratio-
nal potentials for the untwisted as well as the twisted models are derived as the degenerate
limits of the elliptic potential case. These, we believe, have not been reported yet. All of
the Lax pairs discussed in this paper are of the root type and contain at least as many
independent coupling constants as the number of independent Weyl orbits in the root sys-
tems. Our main result is very simple. The Lax pairs for the twisted models can be obtained
from those for the untwisted models (given in paper II) by replacing the untwisted functions
{x, y, z, xd, yd, zd, xt, yt, zt} by the twisted functions {x(1/n), y(1/n), z(1/n), x(1/n)d , y(1/n)d , z(1/n)d ,
x
(1/n)
t , y
(1/n)
t , z
(1/n)
t }. This also applies to the other type of universal Lax pairs. The minimal
type Lax pairs can be obtained simply from those for the untwisted models by replacing the
untwisted functions {x, y, z} by the twisted functions {x(1/2), y(1/2), z(1/2)} (for the G2 model,
{x(1/3), y(1/3), z(1/3)}) for the short roots.
As for the twisted models based on Bn, Cn and BCn root systems, a new type of potential
terms with independent coupling constants can be added without destroying integrability.
They are called extended twisted models and have three, three and five independent coupling
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constants for Bn, Cn and BCn models, respectively. The Lax pairs for the twisted G2 model
have new features. This model has an elliptic potential function with a pair of primitive
periods {2ω1, 2ω3} for the long roots and another elliptic potential function with third-period
{2ω1/3, 2ω3} for the short roots. New sum rules appear in the proof of the consistency of
the Lax pairs for this model.
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